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Some inequalities for maximum modulus
of rational functions
Abstract. In this paper, we establish some inequalities for rational functions
with prescribed poles and restricted zeros in the sup-norm on the unit circle
in the complex plane. Generalizations and refinements of rational function
inequalities of Govil, Li, Mohapatra and Rodriguez are obtained.
1. Introduction. Let Pn denote the class of all complex algebraic polyno-
mials P (z) of degree n. For aj ∈ C with j = 1, 2, . . . , n, let
W (z) :=
n∏
j=1
(z − aj)
and let
B(z) :=
n∏
j=1
(1− ajz
z − aj
)
, Rn := Rn(a1, a2, . . . , an) =
{
P (z)
W (z)
: P ∈ Pn
}
.
Then Rn is the set of rational functions with poles a1, a2, . . . , an at most and
with a finite limit at ∞. Note that B(z) ∈ Rn and |B(z)| = 1 for |z| = 1.
Definition 1.1. (i) For P ∈ Pn, the conjugate transpose P ∗ of P is defined
as P ∗(z) = znP
(
1
z
)
.
(ii) For r(z) = P (z)W (z) ∈ Rn, the conjugate transpose r∗ of r is defined as
r∗(z) = B(z)r
(
1
z
)
.
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For P ∈ Pn, we have
(1.1) max
|z|=1
∣∣P ′(z)∣∣ ≤ nmax
|z|=1
|P (z)|
and
(1.2) max
|z|=R≥1
|P (z)| ≤ Rnmax
|z|=1
|P (z)|.
The inequality (1.1) is the famous Bernstein’s inequality (for reference see
[3]) and (1.2) is an immediate consequence of the maximum modulus prin-
ciple. Equality holds in (1.1) and (1.2) for P (z) = λzn, λ 6= 0. Noting that
these extremal polynomials have all zeros at the origin, it is natural to seek
improvements under appropriate conditions on the zeros of P (z).
For P ∈ Pn and P (z) 6= 0 in |z| < 1, we have
(1.3) max
|z|=1
∣∣P ′(z)∣∣ ≤ n
2
max
|z|=1
|P (z)|
and
(1.4) max
|z|=R≥1
|P (z)| ≤
(
Rn + 1
2
)
max
|z|=1
|P (z)|.
Equality holds in (1.3) and (1.4) for P (z) = αzn + β, |α| = |β|.
As is well known, the inequality (1.3) was conjectured by Erdo¨s and
proved by Lax [5] and the inequality (1.4) is due to Ankeny and Rivlin [1].
Further, Aziz and Dawood [2] sharpened the inequality (1.4) and proved
that if P ∈ Pn and P (z) 6= 0 in |z| < 1, then
(1.5) max
|z|=R≥1
|P (z)| ≤ R
n + 1
2
max
|z|=1
|P (z)| − R
n − 1
2
min
|z|=1
|P (z)|.
The estimate is sharp and equality holds in (1.5) for P (z) = αzn + β,
|α| = |β|.
In the past few years, several papers pertaining to Bernstein-type inequal-
ities for rational functions have appeared in the study of rational approxi-
mation problems. In fact in 1995, Li, Mohapatra and Rodriguez [7] proved
some inequalities similar to (1.1) and (1.3) for rational functions with poles
outside the unit circle. They extended (1.1) to rational functions by proving
that if r ∈ Rn, then for |z| = 1,
|r′(z)| ≤ |B′(z)|max
|z|=1
|r(z)|.(1.6)
As an extension of (1.3) to rational functions, they also proved that if r ∈ Rn
and all the zeros of r(z) lie in |z| ≥ 1, then for |z| = 1,
|r′(z)| ≤ |B
′(z)|
2
max
|z|=1
|r(z)|.(1.7)
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Recently, Govil and Mohapatra [4] obtained inequalities analogous to (1.2)
and (1.4) for the class of rational functions with poles outside the unit circle.
In fact they proved that if r ∈ Rn, then
|r(z)| ≤ |B(z)|max
|z|=1
|r(z)|, |z| ≥ 1(1.8)
and if all the zeros of r(z) lie in |z| ≥ 1, then
|r(z)| ≤
( |B(z)|+ 1
2
)
max
|z|=1
|r(z)|, |z| ≥ 1.(1.9)
It may be noted that inequalities (1.2) and (1.4) can be deduced from in-
equalities (1.8) and (1.9) respectively by multiplying the two sides of (1.8)
and (1.9) by
∏n
ν=1 aν and then let each aν go to infinity.
Our main aim is to obtain an inequality analogous to inequality (1.5)
for rational functions with poles outside the unit circle as considered by Li,
Mohapatra and Rodriguez [7], but our method of proof is different from the
method of Li, Mohapatra and Rodriguez.
2. Main results. In this section we state our main results. Their proofs
are given in the next section. From now on, we shall always assume that
all the poles a1, a2, . . . , an lie in |z| > 1. Our first result that is presented
below provides a generalization of (1.7).
Theorem 2.1. If r ∈ Rn and all the n zeros of r(z) lie in |z| ≥ 1, then for
every β with |β| ≤ 1 and |z| = 1,∣∣∣∣B(z)r′(z) + β2B′(z)r(z)
∣∣∣∣ ≤ |B′(z)|2
{∣∣∣∣1 + β2
∣∣∣∣+ ∣∣∣∣β2
∣∣∣∣}max|z|=1 |r(z)|.(2.1)
Remark 2.1. For β = 0, (2.1) reduces to (1.7).
Our next result that provides an inequality analogous to (1.5) for rational
functions is given by
Theorem 2.2. If r ∈ Rn and all the zeros of r(z) lie in |z| ≥ 1, then for
|z| ≥ 1,
|r(z)| ≤
( |B(z)|+ 1
2
)
max
|z|=1
|r(z)| −
( |B(z)| − 1
2
)
min
|z|=1
|r(z)|.(2.2)
Equality holds in (2.2) for r(z) = αB(z) + β, |α| = |β|.
3. Lemmas. For the proofs of our theorems we need the following lemmas.
Lemma 3.1. If r ∈ Rn has n zeros which all lie in |z| ≤ 1, then
|r′(z)| ≥ 1
2
|B′(z)||r(z)| for |z| = 1.(3.1)
Equality holds in (3.1) for r(z) = µB(z) + ζ with |µ| = |ζ| = 1.
The above lemma is due to Li, Mohapatra and Rodriguez [7].
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Lemma 3.2. Let A and B be any two complex numbers. Then
(i) if |A| ≥ |B| and B 6= 0, then A 6= δB for all complex numbers δ satisfying
|δ| < 1.
(ii) Conversely, if A 6= δB for all complex numbers δ satisfying |δ| < 1,
then |A| ≥ |B|.
The above lemma is due to Li [6].
Lemma 3.3. If r ∈ Rn and |z| = 1, then for every β with |β| ≤ 1,∣∣∣∣B(z)r′(z) + β2B′(z)r(z)
∣∣∣∣+ ∣∣∣∣B(z)(r∗(z))′ + β2B′(z)r∗(z)
∣∣∣∣
≤ |B′(z)|
{∣∣∣∣1 + β2
∣∣∣∣+ ∣∣∣∣β2
∣∣∣∣}max|z|=1 |r(z)|.
Proof of Lemma 3.3. Let M := max|z|=1 |r(z)|. Therefore, for every λ
with |λ| > 1, |r(z)| < |λMB(z)| for |z| = 1. By Rouche´’s theorem, all the
zeros of G(z) = r(z) + λMB(z) lie in |z| < 1. If H(z) = B(z)G(1z ), then|H(z)| = |G(z)| for |z| = 1 and hence for any γ with |γ| < 1, the rational
function γH(z) +G(z) has all zeros in |z| < 1. By applying Lemma 3.1 to
γH(z) +G(z), we have
2
∣∣B(z)(γH ′(z) +G′(z))∣∣ ≥ |B′(z)|∣∣γH(z) +G(z)∣∣,(3.2)
for |z| = 1. Since B′(z) 6= 0, so the right hand side of (3.2) is non zero.
Thus, by using (i) of Lemma 3.2, we have for all β ∈ C with |β| < 1,
2B(z)
(
γH ′(z) +G′(z)
) 6= −βB′(z)(γH(z) +G(z)),
for |z| = 1. Equivalently, for |z| = 1,
−γ(2B(z)H ′(z) + βB′(z)H(z)) 6= (2B(z)G′(z) + βB′(z)G(z)),(3.3)
for |γ| < 1 and |β| < 1.
Using (ii) of Lemma 3.2 in (3.3), we have∣∣2B(z)G′(z) + βB′(z)G(z)∣∣ ≥ ∣∣2B(z)H ′(z) + βB′(z)H(z)∣∣,(3.4)
for |z| = 1 and |β| < 1. Now by putting G(z) = r(z) + λMB(z) and
H(z) = r∗(z) + λM in (3.4), we get for |z| = 1 and |β| < 1,
(3.5)
∣∣2B(z)(r∗(z))′ + βB′(z)r∗(z) + λβMB′(z)∣∣
≤ ∣∣2B(z)r′(z) + βB′(z)r(z) + λB(z)B′(z)(2 + β)M ∣∣.
By choosing a suitable argument of λ on the right hand side of (3.5), we
get for |z| = 1 and |β| < 1,
(3.6)
∣∣2B(z)(r∗(z))′ + βB′(z)r∗(z)∣∣− |λ|∣∣βB′(z)∣∣M
≤ |λ|∣∣B(z)B′(z)(2 + β)∣∣M − ∣∣2B(z)r′(z) + βB′(z)r(z)∣∣.
Note that |B(z)| = 1 for |z| = 1. Making |λ| → 1 and using continuity for
|β| = 1 in (3.6), we get the desired result. 
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The following two lemmas are due to Govil and Mohapatra [4].
Lemma 3.4. If r ∈ Rn and all the zeros of r(z) lie in |z| ≥ 1, then for
|z| ≥ 1,
|r(z)| ≤ |r∗(z)|.
Lemma 3.5. If r ∈ Rn, then for |z| ≥ 1,
|r(z)|+ |r∗(z)| ≤ (|B(z)|+ 1)max
|z|=1
|r(z)|.
4. Proofs of Theorems.
Proof of Theorem 2.1. Since all the zeros of r(z) lie in |z| ≥ 1, therefore
all the zeros of r∗(z) lie in |z| ≤ 1. First assume that no zeros of r∗(z) lie
on the unit circle |z| = 1 and therefore, that all the zeros of r∗(z) are in
|z| < 1. By Rouche´’s theorem, the rational function λr(z)+ r∗(z) has all its
zeros in |z| < 1 for |λ| < 1 and has no poles in |z| ≤ 1. On applying Lemma
3.1 to λr(z) + r∗(z), we get on |z| = 1,
2|B(z)|∣∣λr′(z) + (r∗(z))′∣∣ ≥ |B′(z)|∣∣λr(z) + r∗(z)∣∣.(4.1)
Note that B′(z) 6= 0 (e.g. see formula (14) in [7]). So, the right hand side
of (4.1) is non zero. Thus, by using (i) of Lemma 3.2, we have for all β ∈ C
with |β| < 1,
2B(z)
(
λr′(z) + (r∗(z))′
) 6= −βB′(z)(λr(z) + r∗(z))
for |z| = 1. Equivalently
λ
(
2B(z)r′(z) + βB′(z)r(z)
) 6= −(2B(z)(r∗(z))′ + βB′(z)r∗(z))(4.2)
for |z| = 1, |λ| < 1 and |β| < 1. Now using (ii) of Lemma 3.2 in (4.2), we
have ∣∣2B(z)r′(z) + βB′(z)r(z)∣∣ ≤ ∣∣2B(z)(r∗(z))′ + βB′(z)r∗(z)∣∣(4.3)
for |z| = 1 and |β| < 1. The above inequality (4.3) in conjunction with
Lemma 3.3 proves Theorem 2.1 when r∗(z) has no zero on |z| = 1 and
|β| < 1. Now using the continuity in the zeros and β, we can obtain the
inequality (2.1) of Theorem 2.1, when some zeros of r∗(z) lie on the unit
circle |z| = 1 and |β| ≤ 1. 
Proof of Theorem 2.2. Let m = m(r, 1) = min|z|=1 |r(z)|. If r(z) has a
zero on |z| = 1, then m = 0 and Theorem 2.2 is reduced to inequality (1.9),
therefore, we assume that r(z) has all its zeros in |z| > 1, so that m > 0. We
have |λm| < |r(z)| on |z| = 1 for any λ with |λ| < 1. By Rouche´’s theorem,
the rational function G(z) = r(z) − λm has no zero in |z| < 1. Therefore,
the rational function H(z) = B(z)G(1z ) = r
∗(z) − λmB(z) will have all its
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zeros in |z| < 1. Also |H(z)| = |G(z)| for |z| = 1. On applying Lemma 3.4,
we get for every |z| ≥ 1,
|G(z)| ≤ |H(z)|.
Equivalently
|r(z)− λm| ≤ |r∗(z)− λmB(z)|
for |z| ≥ 1, which implies for every λ with |λ| < 1,
|r(z)| − |λ|m(r, 1) ≤ |r∗(z)− λm(r, 1)B(z)|(4.4)
for |z| ≥ 1. Since r∗(z) = B(z)r(1z ) has all its zeros in |z| < 1 and
|m(r, 1)B(z)| ≤ |r(z)| = |r∗(z)|
for |z| = 1, so that
m(r, 1)B(z)
r∗(z)
is analytic for |z| ≥ 1. Hence by maximum modulus principle for unbounded
domains, we have
|m(r, 1)B(z)| ≤ |r∗(z)|
for |z| ≥ 1, we can choose the argument of λ so that the right hand side of
(4.4) is
|r∗(z)| − |λ|m(r, 1)|B(z)|.(4.5)
Combining (4.4) and (4.5), we get
|r(z)| − |λ|m(r, 1) ≤ |r∗(z)| − |λ|m(r, 1)|B(z)|,
which implies by letting |λ| → 1,
|r(z)| ≤ |r∗(z)| − (|B(z)| − 1)m(r, 1)
for |z| ≥ 1. The above inequality in conjunction with Lemma 3.5 gives for
|z| ≥ 1,
2|r(z)| ≤ (|B(z)|+ 1)max
|z|=1
|r(z)| − (|B(z)| − 1)m(r, 1),
which is equivalent to (2.2) and this completes the proof of Theorem 2.2. 
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